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Abstract
We introduce operator local supportability as a new type of operator finite representability that
generalizes Bellenot finite representability. We prove that local supportability and local representa-
bility are mutually independent. New examples of both types of finite representability are given. For
instance, for every operator T , we prove that (TU)∗ is locally supportable in (T ∗)U. We also prove
that, given an operator T with range in C[0,1], T ∗ is locally representable in T ∗|L1 .
 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
While finite representability is a well stated term for Banach spaces, there are at least
six different definitions about what it should mean in the context of operator theory [4–
7,14,18]. In this paper, we suggest the joining of local theory, operator ideal theory, and
operator semigroup theory as the natural frame to analyze and compare all those notions
of finite representability. Indeed, the definitions above have been applied to the study of
regular, ultrapower-stable ideals. In this sense, the notion of local representability [18],
which generalizes Heinrich finite representability [14], is probably the most remarkable.
But there are other classes of operators, baptized as semigroups in [1], that are relevant
in the study of Banach spaces. Examples of semigroups are the class of semi-Fredholm
operators and the class of Tauberian operators. Semigroups exhibit a rich interplay with
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We consider two classes of ultrapower-stable semigroups: the first, formed by those that
are injective and left-stable, and the second, formed by those that are surjective and right-
stable. Following the program laid out in [18], we generalize Bellenot finite representa-
bility [7] by introducing local supportability, which is perfectly adapted to the first class
of semigroups, as we prove in Proposition 4.6. Regarding the semigroups belonging to
the second class, we show that local supportability is also the right notion, but it requires
delicate work. For, given an operator T , we show in Theorems 4.10 and 4.11 a very strong
result about finite representability of the conjugate operator (TU)∗ in the ultrapower (T ∗)U.
As a consequence, we prove that TU∗ is Bellenot finitely representable in T ∗U. Section 5
is devoted to show that the main types of finite representability involved in this paper,
local supportability and local representability, are independent. For, given any operator
T :Y → C[0,1], we prove in Theorem 5.3 that T ∗ is Heinrich finitely representable in
T ∗|L1 and, in Proposition 5.5, we exhibit an operator T :C[0,1]→ C[0,1] such that T ∗|N
is an isomorphism but T ∗ is not Tauberian, where N stands for the subspace of singular
measures with respect to the Lebesgue measure on [0,1].
2. Notation
We denote by L(X,Y ) the class of all bounded operators between the Banach spaces
X and Y ; the kernel and the range of T ∈ L(X,Y ) are, respectively, denoted by N(T )
and R(T ); given a class A of bounded operators, we denote by A(X,Y ) :=A ∩ L(X,Y )
the subset of operators in A acting between X and Y ; BX stands for the unit closed ball
of X, and SX denotes the set of all norm one elements of X; KX denotes the natural
embedding of X into X∗∗; given a closed subspace Z of X, QZ stands for the quotient
operator from X onto X/Z; given f ∈X∗ and x ∈X, the action of duality will be denoted
by f (x) or 〈f,x〉; the weak∗ topology of X∗ induced by X is denoted w∗; given a subset
A of X, span(A) stands for the closed subspace of X generated by A. Every T ∈ L(X,Y )
induces an operator T˜ ∈ L(X,R(T )) defined by T˜ (x)= T (x). Given d  1, we say that
T ∈ L(X,Y ) is a d-injection if T is an isomorphism into Y verifying d−1  ‖T x‖  d
for all x ∈ SX ; if d = 1 then T is called a metric injection. An operator is said to be an
embedding if it is a d-injection for some d . A metric surjection is an operator T ∈ L(X,Y )
whose conjugate T ∗ is a metric injection.
Ultrapowers of Banach spaces play an important role in this paper; proofs and details
about the facts listed below can be found in [13]. An ultrafilter U on a set of indices I is
said to be ℵ0-incomplete if there is a countable partition of I , {In}∞n=1, such that In /∈ U
for all n ∈ N. All ultrafilters considered in this paper are ℵ0-incomplete. The ultrapower
of a Banach space X following an ultrafilter U on I is the quotient XU := ∞(I,X)/N ,
where N denotes the closed subspace of all null families following U. The element of XU
whose representative is (xi)i∈I will be denoted by [xi]; its norm is ‖[xi]‖ = limi→U ‖xi‖;
XU contains a canonical copy of X. Given a family (Ai)i∈I of subsets of X, we denote
(Ai)U := {[xi] ∈XU: xi ∈ Ai}. Given an ultrafilter V on J , the family U×V formed by
all the subsets A⊂ I × J verifying {j : {i: (i, j) ∈A} ∈ U} ∈V is an ultrafilter on I × J .
The iteration theorem establishes that (XU)V is canonically isometric to XU×V. Given
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[xi] onto [T xi].
An operator T is a metric injection if and only if any (and all) of its ultrapowers is also
a metric injection [11].
We denote by µ the usual Lebesgue measure on [0,1]; M stands for the space of all
Radon measures on [0,1], which is the dual of C , the space of all continuous functions
on [0,1]; L1 stands for the space of all µ-integrable functions. We identify L1 with an
isometric copy canonically contained in M, so we can write M = L1 ⊕1 N , where N
stands for the subspace of all singular measures with respect to µ.
3. Types of operator finite representability
Bellenot [7, Section 3] defines an operator T ∈ L(X,Y ) to be finitely representable
in S ∈ L(W,Z) if for every finite dimensional subspace E of X and every ε > 0
there is a (1 + ε)-injection L ∈ L(E,W) verifying |‖T x‖ − ‖SLx‖|  ε‖x‖ for all
x ∈ E; equivalently, there are (1 + ε)-injections U ∈ L(E,W), V ∈ L(T (E),Z) so that
‖SU − V T |E‖ ε.
Heinrich [14, Definition 1.1] says an operator T ∈ L(X,Y ) is finitely representable in
S ∈L(W,Z) if for every ε > 0, every finite dimensional subspace E of X and every finite
codimensional subspace F of Y there is a finite dimensional subspace E1 of W , a finite
codimensional subspace F1 of Z and a pair of surjective (1+ ε)-injections U ∈ L(E,E1),
V ∈L(Z/F1, Y/F ) such that ‖VQF1SU −QFT |E‖ ε.
Our purpose needs more general types of finite representability than those of Bellenot
and Heinrich. So we adopt the following definitions.
Definition 3.1. Given d  1, we say that T ∈ L(X,Y ) is locally d-supportable in S ∈
L(W,Z) if for every ε > 0 and every finite dimensional subspace E of X there is a
(d + ε)-injection U ∈ L(E,W) and an operator V ∈ L(T (E),Z) verifying ‖V ‖  d + ε
and ‖SU − V T |E‖ ε.
Definition 3.2 [18, 6.6]. Given c > 0, an operator T ∈ L(X,Y ) is said to be locally c-rep-
resentable in S ∈ L(W,Z) if for every ε > 0 and every pair of operators A ∈L(E,X), B ∈
L(Y,F ) with E and F finite dimensional spaces there is a pair of operatorsA1 ∈L(E,W),
B1 ∈ L(Z,F ) verifying ‖B1‖ · ‖A1‖ (c+ ε)‖A‖ · ‖B‖ and BTA= B1SA1.
When we do not need to specify parameters d or c in the above definitions, we will just
speak of local supportability or local representability.
The next propositions give characterizations for local supportability and local repre-
sentability in terms of ultrapowers. These characterizations yield the main applications
in semigroups and ideals of operators and also show that Bellenot finite representability
and Heinrich finite representability are respectively generalized by local supportability and
local representability.
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(a) T is locally d-supportable in S if and only if there is an ultrafilter U, a d-injection
U ∈ L(X,WU) and an operator V ∈L(R(T ),ZU) so that SUU = V T˜ and ‖V ‖ d ;
(b) T is Bellenot finitely representable in S if and only if there is an ultrafilter U and metric
injections U ∈L(X,WU), V ∈L(R(T ),ZU) such that SUU = V T˜ .
Proof. For part (a), assume that T is locally d-supportable in S. Let F be the collection
of all finite dimensional subspaces of X and consider the order filter on F , which consists
of all sets {E ∈ F : E ⊃ F } for every F ∈ F . Let U be an ultrafilter on F containing
the order filter. For each E ∈ F , we write εE := (dimE)−1, and choose a (d + εE)-
injection UE ∈ L(E,W) and an operator VE ∈ L(T (E),Z) so that ‖VE‖  d + εE and
‖SUE − VET |E‖  εE . We define an operator U ∈ L(X,WU) by U(x) = [xE], where
xE :=UE(x) if x ∈E and xE = 0 otherwise. Thus, for x ∈ SX we have
lim
E→U
(d + εE)−1 
∥∥U(x)∥∥ lim
E→U
(d + εE),
and as limE→U εE = 0, we obtain that U is a d-injection. Analogously, for each y ∈ T (X)
and every E ∈ F , we write yE := VE(y) if y ∈ T (E) and yE := 0 otherwise. Hence
V (y) = [yE] defines an operator from R(T ) into ZU such that ‖V ‖  d . The identity
SUU−V T˜ = 0 follows from the fact that ‖(SUU−V T )x‖ limE→U εE‖x‖ for all x ∈X.
For the converse of (a), let us assume there is an ultrafilter U on a set I , a d-injection
U ∈ L(X,WU) and an operator V ∈L(R(T ),ZU) verifying ‖V ‖ d and SUU −V T˜ = 0.
Fix a finite dimensional subspace E of X, ε > 0, and a basis {ej }nj=1 of E. For each
j ∈ {1, . . . , n}, let Uej = [xji ]i , and for every i , let yji := Sxji . By Proposition 6.1 in [14],
there is J ∈ U such that, for every i ∈ J , the operators Ui ∈ L(E,X), Vi ∈ L(T (E),Y )
defined by Ui(ej ) := xji , Vi(T ej ) := yji verify that ‖Vi‖  d + ε and Ui is a (d + ε)-
injection. Moreover, the identity SUU − V T |E = 0 implies limi→U SUi − ViT |E = 0 so
we can select i ∈ J satisfying ‖SUi − ViT |E‖ ε. Thus T is locally d-supportable in S.
Proof of part (b) is similar to that of part (a). ✷
Proposition 3.4. Given T ∈L(X,Y ) and S ∈L(W,Z), we have:
(a) [18, 6.6] T is locally c-representable in S if and only if there is an ultrafilter U and
a pair of operators U ∈ L(X,WU), V ∈ L(ZU, Y ∗∗) such that VSUU = KYT and
‖U‖ · ‖V ‖ c;
(b) [14, Theorem 1.2] T is Heinrich finitely representable in S if and only if there
is an ultrafilter U, a metric injection U ∈ L(X,WU) and a metric surjection V ∈
L(ZU, Y ∗∗) such that VSUU =KYT .
When the final space of the operator T is a conjugate space, the statement of Proposi-
tion 3.4 admits the following reformulation that will ease further reasonings.
Proposition 3.5. Given a pair of operators T ∈ L(X,Y ∗) and S ∈L(W,Z), the following
statements hold:
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A ∈L(X,WU), B ∈ L(ZU, Y ∗) such that T = BSUA and ‖B‖ · ‖A‖ c;
(b) T is finitely representable in S in the sense of Heinrich if and only if there is an ultra-
filter U, a metric injection U ∈ L(X,WU) and a metric surjection V ∈ L(ZU, Y ∗)
verifying T = VSUU .
Proof. (a) Assume T is locally c-representable in S. By Proposition 3.4 there exists an
ultrafilter U and operators A ∈L(X,WU), C ∈ L(ZU, Y 3(∗)) such that KY ∗T = CSUA and
‖C‖ · ‖A‖  c. Let P ∈ L(Y 3(∗), Y 3(∗)) be the norm one projection onto Y ∗ associated
to the decomposition Y 3(∗) = Y ∗ ⊕ Y⊥ and define B := PC. Clearly, T = BSUA and
‖B‖ · ‖A‖ c.
For the converse, assume there is an ultrafilter U and operators A ∈ L(X,WU),
B ∈ L(ZU, Y ∗) verifying T = BSUA and ‖B‖ · ‖A‖  c. Let C := KY ∗B . It follows
KY ∗T = CSUA and ‖C‖ · ‖A‖ c, so Proposition 3.4 shows T is locally c-representable
in S.
(b) The direct implication of part (b) is similar to that of part (a). For the converse,
assume there is an ultrafilter U, a metric injection U ∈ L(X,WU) and a metric surjection
V ∈ L(ZU, Y ∗) verifying T = V SUU . Since T is Heinrich finitely representable in itself,
by Proposition 3.4 there is an ultrafilter W, a metric injection U1 ∈ L(X,XW) and a
metric surjection V1 ∈ L(ZW, Y 3(∗)) verifying KY ∗T = V1TWU1. Thus A := UWU1 ∈
L(X,WU×W) is a metric injection, B := V1VW ∈ L(ZU×W, Y 3(∗)) is a metric surjection,
and KY ∗T = BSU×WA. By Proposition 3.4, T is Heinrich finitely representable in S. ✷
Henceforth, it will be very convenient to adopt the following notations: T ≺ls S means
that the operator T is locally supportable in S, and T ≺lr S means that T is locally
representable in S.
4. Semigroups and ideals of operators
Pietsch [18] has proved that every regular, ultrapower-stable ideal of operators A is
stable under local representability; namely, if T ≺lr S and S ∈A then S ∈A. But besides
ideals, there are other classes of operators, called semigroups in [1], which are also
remarkable in Banach space theory. Examples of semigroups are the class of all upper
semi-Fredholm operators and the class of all Tauberian operators. We follow the program
laid out in [18] to show that certain types of ultrapower-stable semigroups are stable under
local supportability. Applications of this fact are given in [15].
We recall that a class of operatorsA is said to be ultrapower-stable if, for every T ∈A,
all ultrapowers TU belong toA. IfA is endowed with a preorder,A is said to be-stable
if T ∈A and S  T imply S ∈A.
Proposition 4.1. Local supportability and local representability are preorders.
Proof. The proof for local representability can be found in [18]. Assume now that the
operators T1 ∈ L(X1, Y1), T2 ∈ L(X2, Y2), T3 ∈ L(X3, Y3) verify T1 ≺ls T2 and T2 ≺ls T3.
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U2 ∈ L(X2, (X3)V) and operators V1 ∈ L(R(T1), (Y2)U), V2 ∈ L(R(T2), (Y3)V) so that
V1T˜1 = (T2)UU1 and V2T˜2 = (T3)VU2. Thus, by the iteration theorem for ultrapowers, we
can write (V2)UV1T˜1 = (T3)V×U(U2)UU1. But (U2)U is an embedding, so Proposition 3.3
yields T1 ≺ls T3. ✷
For the sake of completeness, we recall the following definitions.
Definition 4.2 [1]. A class of operators S is said to be an operator semigroup if the follow-
ing conditions hold:
(i) S contains all bijective operators;
(ii) If T ∈ S(X,Y ) and S ∈ S(Y,Z) then ST ∈ S(X,Z);
(iii) T ∈ S(X,Y ) and S ∈ S(U,V ) if and only if T × S ∈ S(X×U,Y × V ).
We note that if S is a semigroup of operators, then the class Sd := {T : T ∗ ∈ S} is also
a semigroup.
Definition 4.3 [17]. A class of operators A is said to be an operator ideal if the following
conditions hold:
(i) A contains all finite dimensional range operators;
(ii) For every X and Y , A(X,Y ) is a subspace of L(X,Y );
(iii) If S ∈L(W,X), T ∈A(X,Y ) and U ∈ L(Y,Z) then UT S ∈A(W,Z).
Linkages between semigroups and ideals are given in [1]. We recall the following: given
an operator ideal A, the classes A+ := {T : T S ∈A⇒ S ∈A} and A− := {T : ST ∈A⇒
S ∈A} are operator semigroups.
Definition 4.4 [1]. Let S be an operator semigroup:
(i) S is said to be left-stable if ST ∈ S implies T ∈ S;
(ii) S is said to be right-stable if ST ∈ S implies S ∈ S .
Definition 4.5 [1]. Let S be an operator semigroup:
(i) S is said to be injective if every upper semi-Fredholm operator belongs to S;
(ii) S is said to be surjective if every lower semi-Fredholm operator belongs to S .
Given an ideal A, the semigroup A+ (respectively, A−) is injective (surjective) if and
only if A is an injective (surjective) ideal [1, Proposition 2.12].
The interesting semigroups are those whose elements preserve some isomorphic prop-
erty. Therefore, we agree in calling trivial a semigroup that contains the null operator 0X
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then
A(X,Y )=A+(X,Y )=A−(X,Y )= L(X,Y ) for all X and Y.
It is immediate that a semigroup holding any combination of conditions (i) and (ii) of
those stated in Definitions 4.4 and 4.5 is trivial. So we are only concerned about semigroups
which are either left-stable and injective or right-stable and surjective.
It is also immediate after Proposition 3.4 that each ultrapower-stable, regular ideal is
≺lr-stable. The necessary result for injective, left-stable, ultrapower-stable semigroups is
the following.
Proposition 4.6. Let S be an injective, left-stable, ultrapower-stable semigroup. Then S is
≺ls-stable.
Proof. Assume S ∈ S and T ≺ls S. By Proposition 3.3 there is an ultrafilter U, an isomor-
phism U and an operator V such that V T˜ = SUU . Since S is ultrapower-stable, we have
SU ∈ S . Moreover, S is injective so U ∈ S , therefore SUU ∈ S . Left-stability yields T˜ ∈ S ,
and again, the injectivity of S leads to T ∈ S . ✷
IfR is a surjective, right-stable semigroup, it is immediate thatRd is injective and left-
stable. In Proposition 4.12 we prove that if moreoverR is ultrapower-stable then so isRd .
Hence we conclude in Proposition 4.13 that local supportability is also the right notion of
finite representability forR. The way to Proposition 4.12 needs some preliminary results.
Lemma 4.7. Let E ⊂ X be a finite dimensional subspace with dimE = n and let 0 <
ε < 1/n. Then every ε-net in SE contains a basis whose coordinate functionals are norm
bounded by (1− nε)−1.
Proof. Let E be an ε-net in SE . By Auerbach’s lemma, there is a biorthogonal system
(ui, hi)
n
i=1 ⊂E×X∗. For every ui , we choose ei ∈ E so that ‖ui − ei‖ ε. We define the
operatorL ∈ L(E,E) by L(e) :=∑ni=1 hi(e) ·ei . Note thatL(ui)= ei and ‖IE−L‖ nε,
so L is an isomorphism, hence {ei}ni=1 is a basis of E. Moreover, given e =
∑n
i=1 λiei ∈
SE , and writing u := L−1(e)=∑ni=1 λiui , we get ‖e − u‖  nε‖u‖. Hence, for every i ,|λi | = |hi(u)| ‖u‖ (1− nε)−1. Thus, the coordinate functionals associated to {ei}ni=1
are norm bounded by (1− nε)−1. ✷
Lemma 4.8. Let E ⊂X∗ be a finite dimensional subspace with dimE = n, {ei}pi=1 an ε-net
in SE with 0 < ε < (2n)−1, and V a weak∗ neighborhood of 0 ∈X∗. If {Lα}α∈Λ is a net of
operators from E into X∗ such that ‖Lα(ei)‖ 1 for all α and w∗-limα Lα(ei)= ei for all
1 i  p, then there is α ∈Λ such that Lα is a (1− 2nε)−1-injection and Lα(e) ∈ e+ V
for all e ∈ SE .
Proof. By Lemma 4.7, we can assume that {ei}ni=1 is a basis of E whose coordinate func-
tionals are norm bounded by (1 − nε)−1. Consequently, ‖Lα‖  (1 − nε)−1n for all α.
Since the equalities w∗-limα Lαei = ei hold and (1 − nε)−1 < 2, we can select β ∈ Λ
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injection. Indeed, given e ∈ SE , by choosing ei so that ‖e− ei‖ ε, we obtain∥∥Lβ(e)∥∥ ∥∥Lβ(ei)∥∥+ ∥∥Lβ(e− ei)∥∥ 1+ nε(1− nε)−1 < (1− 2nε)−1
and ∥∥Lβ(e)∥∥ ∥∥Lβ(ei)∥∥− ∥∥Lβ(e−ei)∥∥
 1− nε(2−(1−nε)−1)− nε(1−nε)−1 = 1−2nε,
which proves that Lβ is a (1− 2nε)−1-injection.
In order to finish, let U be an absolutely convex weak∗ neighborhood of 0 such that
n(1− nε)U ⊂ V . By choosing β with the additional conditions Lβ(ei) ∈ ei + U for all i ,
it follows that for every e=∑ni=1 λiei ∈ SE we have Lβ(e)− e ∈∑ni=1 λiU ⊂ V . ✷
Proposition 4.9. For every operator T ∈ L(X,Y ) and every ultrafilter U, the set B = {h ∈
BYU∗ : ‖TU∗(h)‖ 1} is the weak∗ closure in YU∗ of A= {h ∈ BY ∗U : ‖T ∗U(h)‖ 1}.
Proof. Let I be the set of indices on which U is taken. Take f /∈ A¯w∗ , and prove that f /∈ B .
By Hahn–Banach theorem there is y0 = [yi] ∈ YU and a pair of real numbers a, b such
that h(y0) a < b < f(y0) for all h ∈ A. For every i ∈ I , let Vi := {f ∈ BY ∗ : b < f (yi)}.
Since Y ∗U is weak∗ dense in YU∗, it follows that {i ∈ I : Vi = ∅} ∈ U. Let W := (Vi)U and
note that f ∈ Ww∗ and A ∩W = ∅. Thus TU∗(f ) ∈ T ∗U(W)w∗ and ‖T ∗U(w)‖> 1 for all
w ∈W . Therefore there exist θ > 1 and J ∈ U such that∥∥T ∗(v)∥∥ θ for all i ∈ J and all v ∈ Vi; (1)
otherwise, for every n ∈N and for every J ∈ U, we would have
Jn :=
{
i ∈ J : there is vi ∈ Vi such that
∥∥T ∗(vi)∥∥< 1+ n−1} ∈ U. (2)
Since U is ℵ0-incomplete, we would take subsets Gn ⊂ Jn so that Gn ⊃ Gn+1 for all n
and
⋂∞
n=1 Gn = ∅. For every i ∈ G1, let ni be the unique positive integer such that
i ∈Gni \Gni+1; by formula (2), there would exist vi ∈ Vi such that ‖T ∗(vi)‖< 1+ n−1i .
By defining vi := 0 when i ∈ I \G1, we would get ‖T ∗U([vi])‖ = limi→U ‖T ∗(vi)‖ 1,
so [vi ] ∈A∩W , in contradiction with A∩W = ∅. Therefore formula (1) holds.
Now we choose θ > η > 1. Since each V w∗i is weak∗ compact, by formula (1) there
exists xi ∈ BX such that (T ∗(v))(xi) > η for all v ∈ Vi . Hence, for x := [xi], we get
(T ∗U(w))(x) > η for all w ∈W . Moreover, TU∗(f ) ∈ TU∗(W)w∗ , so∥∥TU∗(f )∥∥ (TU∗(f ))(x) η,
hence f /∈ B . ✷
Theorem 4.10. Let T ∈ L(X,Y ), U an ultrafilter on I , and finite dimensional subspaces
F ⊂ YU∗, G ⊂ XU∗ such that TU∗(F ) ∩ G = 0. Then, given a weak∗ neighborhood U
of 0 ∈ YU∗, a weak∗ neighborhood V of 0 ∈ XU∗ and ε > 0, there is a pair of (1 + ε)-
injections U ∈L(F,Y ∗U) and V ∈ L(TU∗(F )⊕G,X∗U) verifying
(a) ‖T ∗UU − V TU∗|F ‖ ε,
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(c) V (h) ∈ h+ V for all h ∈ SH , where H := TU∗(F )⊕G.
Proof. Let {fi}ki=1 be an orthonormal basis of the kernel N(TU∗|F ), which is completed
up to a normalized basis of F , {fi}li=1. Take a normalized basis of G, {hi}mi=l+1, and write
hi := TU∗(fi ) for i = k + 1, . . . , l. Let
0 < δ < min
{
ε,
1− (1+ ε)−1
2m
}
.
Note that δ < (2m)−1. Take δ-nets {ei}ni=1 in SF and {ci}ni=1 in SH , and write ej =∑l
i=1 λ
j
i fi and cj =
∑m
i=k+1 µ
j
i hi for all j .
Notice that for any Banach space Z and any p ∈ N, there is a natural isometry K :

p
1 (Z)U→ p1 (ZU) that maps [(zlk)pk=1]l onto ([zlk]l )pk=1; moreover, if we identify the dual
of p1 (ZU) with 
p∞(ZU∗), then K∗ maps the subspace p∞(Z∗U) onto p∞(Z∗)U. Consider
the natural isometries B : (n1(Y )⊕1 n1(X)⊕1 k1(X))U→ n1(YU)⊕1 n1(XU)⊕1 k1(XU)
and C : (l1(Y ) ⊕1 m−l1 (X))U → l1(YU) ⊕1 m−l1 (XU). Take the operator A : n1(Y ) ⊕1
n1(X)⊕1 k1(X)→ l1(Y )⊕1 m−l1 (X) that maps ((aj )nj=1, (bj )nj=1, (ci)ki=1) onto( n∑
j=1
λ
j
i aj
)l
i=1
+
(
(kδ−1T ci)ki=1,
(
n∑
j=1
T bj
)l
i=k+1
)
,
(
n∑
j=1
µ
j
i bj
)m
i=l+1
 .
Let L := CAUB−1, so L∗ : l∞(YU∗) ⊕∞ m−l∞ (XU∗) → n∞(YU∗) ⊕∞ n∞(XU∗) ⊕∞
k∞(XU∗) maps ((vi )li=1, (wi )
m
i=l+1) onto( l∑
i=1
λ
j
i vi
)n
j=1
,
(
l∑
i=k+1
µ
j
i TU
∗vi +
m∑
i=l+1
µ
j
i wi
)n
j=1
, (kδ−1TU∗vi )ki=1
 .
Moreover,L∗ maps l∞(Y ∗U)⊕∞ m−l∞ (X∗U) into n∞(Y ∗U)⊕∞ n∞(X∗U)⊕∞ k∞(X∗U).
Therefore, as ‖L∗((fi )li=1, (hi )mi=l+1)‖  1, Proposition 4.9 provides us with a net
((f αi )
l
i=1, (hαi )
m
i=l+1)α in the ball of l∞(Y ∗U)⊕∞ m−l∞ (X∗U) which is weak∗ converging
to ((fi )li=1, (hi )
m
i=l+1) and ‖L∗((f αi )li=1, (hαi )mi=l+1)α‖ 1 for all α. For each α, we define
operators Uα ∈ L(F,Y ∗U) and Vα ∈ L(H,X∗U) by
Uα(fi ) := f αi for all i ∈ {1, . . . , l},
Vα(hi ) :=
{
T ∗U(f αi ), if i ∈ {k+ 1, . . . , l},
hαi , if i ∈ {l + 1, . . . ,m}.
Therefore, we obtain
w∗- lim
α
Uα(ei )= ei and
∥∥Uα(ei )∥∥ 1 for all i ∈ {1, . . . , n}, (3)
w∗- lim
α
Vα(ci )= ci and
∥∥Vα(ci )∥∥ 1 for all i ∈ {1, . . . , n}, (4)∥∥T ∗U(Uαfi )∥∥ k−1δ for all i ∈ {1, . . . , k}. (5)
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that Uβ and Vβ are (1 + ε)-injections, and such that statements (b) and (c) are satisfied.
For statement (a), given v=∑li=1 νi fi ∈ SF , we have∥∥(T ∗UUα − VαTU∗)v∥∥=
∥∥∥∥∥
k∑
i=1
νiT
∗
UUα(fi )
∥∥∥∥∥ k−1δ
k∑
i=1
|νi | δ
because {fi}ki=1 is an orthonormal basis. ✷
The following theorem is a useful translation of Theorem 4.10 to ultraproduct language.
A glance to Propositions 3.3 and 3.5 reveals that statement (a) in Theorem 4.11 means that
TU
∗ is Bellenot finitely representable in T ∗U, and statement (c) yields that TU∗ is Heinrich
finitely representable in T ∗U. Statement (b) is crucial to prove that Sd is ultrapower-stable
when S is a surjective, right-stable, ultrapower-stable semigroup.
Theorem 4.11. For every operator T ∈ L(X,Y ) and every ultrafilter U there are an
ultrafilter V, metric injections U ∈ L(YU∗, (Y ∗U)V) and V ∈ L(XU∗, (X∗U)V), and
metric surjections P ∈L((Y ∗U)V, YU∗) and Q ∈ L((X∗U)V,XU∗) verifying
(a) (T ∗U)V ◦U = V ◦ TU∗,
(b) TU∗ ◦P =Q ◦ (T ∗U)V,
(c) TU∗ =Q ◦ (T ∗U)V ◦U .
Proof. Let J be the set of all tuples j ≡ (Fj ,Ej , εj ,Uj ,Vj ), where Fj and Ej are
finite dimensional subspaces of YU∗ and XU∗, respectively, εj ∈ (0,1), Uj is a weak∗
neighborhood of 0 ∈ YU∗, and Vj is a weak∗ neighborhood of 0 ∈XU∗. We define an order
 in J by i  j if Fi ⊂ Fj , Ei ⊂Ej , εi  εj , Ui ⊃ Uj , and Vi ⊃ Vj . LetV be an ultrafilter
refining the order filter on J .
For every index j ∈ J , Theorem 4.10 gives a pair of (1 + εj )-injections Uj ∈
L(Fj ,Y ∗U) and Vj ∈L(TU∗(Fj )+Ej ,X∗U) verifying∥∥T ∗UUj − VjTU∗|Fj ∥∥ εj ,
Uj (v) ∈ v+ Uj for all v ∈ SFj ,
Vj (w) ∈w+ Vj for all w ∈ STU∗(Fj )+Ej .
The operators U , V , P and Q are defined as follows:
U(v)= [fj ], where fj :=Uj(v) if v ∈ Fj and fj := 0 otherwise,
V (w)= [gj ], where gj := Vj (w) if w ∈ TU∗(Fj )+Ej and gj := 0 otherwise,
P
([vj ])=w∗- lim
j→Vvj ∈ YU
∗ for all [vj ] ∈ (Y ∗U)V,
Q
([wj ])=w∗- lim
j→Vwj ∈XU
∗ for all [wj ] ∈ (X∗U)V.
Typical ultrapower arguments as those given in Proposition 3.3 show that U and V are
metric injections.
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of local reflexivity for ultrapowers, we can choose a family {vj }j∈J in YU∗ such that
w∗- limj→V vj = v and limj→V ‖vj‖ = 1. Hence, since ‖P‖ 1, we have P(B(Y ∗U)V)=
BYU∗ ; that means that P is a metric surjection. The same argument applies for Q.
To prove (a), take v ∈ SYU∗ and ε > 0. Let j0 ∈ J such that v ∈ Fj0 and εj0 < ε. Then{
j ∈ J : ∥∥(T ∗UUj − VjTU∗)v∥∥< ε}⊃ {j ∈ J : j0  j } ∈V,
so ((T ∗U)VU − V TU∗)v= 0. For statement (b), take [vj ] ∈ (Y ∗U)V. Then
TU
∗P
([vj ])= TU∗(w∗- lim
j→Vvj
)
=w∗- lim
j→VTU
∗(vj )=Q(T ∗U)V
([vj ]).
The proof of statement (c) is similar to that of (a) and (b). ✷
Proposition 4.12. Given an ultrapower-stable semigroup S , the following statements hold:
(a) If S is surjective and right-stable then Sd is ultrapower-stable;
(b) If S is injective and left-stable then Sd is ultrapower-stable.
Proof. (a) Take T ∈ Sd , that is, T ∗ ∈ S . Given any ultrafilter U, we have T ∗U ∈ S . By
Theorem 4.11(b), there exists a pair of metric surjections P and Q and an ultrafilter V
such that TU∗ ◦ P = Q ◦ (T ∗U)V. Since S is ultrapower-stable and surjective, we have
Q ◦ (T ∗U)V ∈ S . But S is also right-stable, so TU∗ ∈ S and TU ∈ Sd .
The proof of part (b) follows a similar argument to that of part (a), but here we need
statement (a) of Theorem 4.11. ✷
Proposition 4.13. Let S be a surjective, right-stable, ultrapower-stable semigroup. Then
Sd is ≺ls-stable.
Proof. It follows from Propositions 4.6 and 4.12. ✷
5. Independence between local supportability and local representability
Although local supportability and local representability are closely related in situations
like that of Theorem 4.11, we prove in this section that both notions are in fact mutually
independent. The proof follows the next argument: given a ≺ls-stable semigroup S , if
S ∈ S and T /∈ S then T is not locally supportable in S. Analogously, if A is a ≺lr-stable
ideal, S ∈A and T /∈A then T is not locally representable in T .
We introduce some notation. Given k ∈N, we write Iki = [2−k(i−1),2−ki) for 1 i 
2k−1, and Ik2k = [2−k(2k−1),1]; χki is the characteristic function associated to Iki . Given
a function f : [0,1]→ R, and a positive integer 1 i  2k , we write mki (f ) := inff (Iki ),
Mk(f ) := supf (Ik), and ρk(f ) :=max{Mk(f )−mk(f ): 1 i  2k}.i i i i
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k
i=1∞k=0 in M such that every
νki is concentrated on I
k
i . Let Gk ∈ L(M,M) be the norm one projection defined by
Gk(λ)=
2k∑
i=1
λ
(
Iki
)
νki . (6)
Lemma 5.1. Given k ∈N, f ∈ C , and λ ∈M, we have |λ(f )−Gk(λ)(f )| ‖λ‖ρk(f ).
Proof. It is sufficient to show the result for a positive measure λ. We define the func-
tions mf (x) :=∑2ki=1mki (f )χki (x), Mf (x) :=∑2ki=1Mki (f )χki (x). Note that ∫ 10 mf dλ =∫ 1
0 mf dGk(λ) and
∫ 1
0 Mf dλ=
∫ 1
0 Mf dGk(λ). Moreover,
1∫
0
mf dλ
1∫
0
f dλ
1∫
0
Mf dλ
and
1∫
0
mf dGk(λ)
1∫
0
f dGk(λ)
1∫
0
Mf dGk(λ),
therefore, we get∣∣∣∣∣
1∫
0
f dλ−
1∫
0
f dGk(λ)
∣∣∣∣∣
1∫
0
(Mf −mf )dλ
2k∑
i=1
ρk(f )λ
(
Iki
)= ‖λ‖ρk(f ).
✷
Proposition 5.2. Let U be an ultrafilter on N and define G ∈ L(M,L1(µ)U) by G(λ) :=
[Gn(λ)]n (Gn defined as in formula (6)). Then the next statements hold:
(i) limn〈Gn(λ), f 〉 = 〈λ,f 〉 for all λ ∈M and all f ∈ C;
(ii) limn ‖Gn(λ)‖ = ‖λ‖ for all λ ∈M, so G is a metric injection.
Proof. (i) Let λ ∈ SM and f ∈ C . By uniform continuity of f , there is a positive integer
n0 verifying ρn0(f ) < ε. So, by Lemma 5.1, we have |〈λ−Gn(λ), f 〉|< ε for all n n0.
(ii) Let λ ∈M and ε > 0. Choose f ∈ BC so that 〈λ,f 〉> ‖λ‖−2−1ε. By statement (i),
there is n0 such that |〈Gnλ,f 〉|> |〈λ,f 〉| − 2−1ε for all n n0, so
‖λ‖ − ε < ∣∣〈Gnλ,f 〉∣∣ ∥∥Gn(λ)∥∥ ‖λ‖. ✷
The following theorem is a new general example of Heinrich finite representability
concerning the space L1.
Theorem 5.3. Let T ∈ L(Y,C) and {νki }2
k
i=1∞k=0 ⊂M a system of positive, norm one
measures such that every νk is concentrated in Ik . Let Z be the closed subspace of Mi i
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k
i=1∞k=0. Consider the metric injection G given in Proposition 5.2,
and the metric surjection P ∈ L(Y ∗U, Y ∗) defined by P([y∗n]) := w∗- limn→U y∗n . Then
T ∗ = P(T ∗|Z)UG. Hence, T ∗ is Heinrich finitely representable in T ∗|Z .
Proof. Given λ ∈M, Proposition 5.2 shows
P(T ∗|Z)UG(λ)=w∗- lim
n→U
T ∗Gn(λ)= T ∗(λ),
so Proposition 3.5 proves that T ∗ is Heinrich finitely representable in T ∗|Z . ✷
Corollary 5.4. For every T ∈ L(Y,C), the conjugate T ∗ is Heinrich finitely representable
in T ∗|L1 and in T ∗|N .
Proof. For every dyadic interval Iki , we define µ
k
i (A) := 2kµ(A ∩ Iki ) for every Borelian
subset A of [0,1], and we denote by δki the Dirac delta associated to the middle point of
Iki . Let Z := span{δki }2
k
i=1∞k=0 ⊂N , and note that L1 = span{µki }2
k
i=1∞k=0. By Theorem 5.3,
T ∗ is Heinrich finitely representable in T ∗|L1 and in T ∗|Z , hence in T ∗|N . ✷
Next proposition involves the classes of Tauberian operators and super-Tauberian op-
erators. We note that the class of super-Tauberian operators has been identified with the
semigroup Wup+, where Wup stands for the ideal of super-weakly compact operators [9,
Theorem 18]. It is immediate thatWup+ is injective and left-stable ([9, Proposition 2] or [9,
Proposition 7]). Moreover,Wup+ is ultrapower-stable; indeed, given an ultrafilter U and a
super-Tauberian operator T , it follows from [9, Theorem 9(b)] that TU×U is Tauberian. As
the iteration theorem identifies (TU)U with TU×U, TU is super-Tauberian [9, Theorem 9(a)].
Proposition 5.5. There is a non-Tauberian operator T ∗ ∈ L(M,M) such that T ∗|N is an
isomorphism. Hence, Heinrich finite representability does not imply local supportability.
Proof. For every n ∈ N, we denote Jn := [1/2n,2/2n], J+n := (2/2n+1,3/2n+1), and
J−n := (3/2n+1,4/2n+1), and define the functions fn(t) := sin(2n+1πt)χJn(t) ∈ C , hn :=
2n(χJ+n − χJ−n ) ∈ L1. Note that ‖hn‖1 = 1 and 〈hm,fn〉 = 2π−1δmn.
Since limn〈hn,f 〉 = 0 for all f ∈ C , given any null sequence α ≡ (αn)n∈N ⊆ (0,1) we
can define Pα ∈L(C,C) by Pα(f ) :=∑∞n=1(1−αn)〈hn,f 〉fn and T := IC − 2−1πPα , so
T ∗(λ)= λ− 2−1π
∞∑
n=1
(1−αn)〈λ,fn〉hn.
Note that P ∗α (λ) ∈ L1 for all λ ∈ M, so the decomposition M = L1 ⊕1 N yields
‖T ∗ν‖  ‖ν‖ for all ν ∈ N , hence T ∗|N is an isomorphism. However, T ∗(hn) = αnhn,
so limn T ∗(hn) = 0. Moreover, (hn) is a normalized disjoint sequence, hence T ∗|L1 is
not Tauberian, so T ∗|L1 is not super-Tauberian either [10, Theorem 2]. As Wup+ is an
injective semigroup, it follows that T ∗ /∈Wup+. Moreover, as we pointed out before, the
semigroup Wup+ of the super-Tauberian operators is ultrapower-stable and left-stable, so
Proposition 4.6 shows that T ∗ is not locally supportable in T ∗|N , and by Corollary 5.4,
we conclude that Heinrich finite representability does not imply local supportability. ✷
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finitely representable in Υ , but I2 is not locally c-representable in Υ , for any c 0. Hence,
Bellenot finite representability does not imply local representability.
Proof. It is immediate that I2 is Bellenot finitely representable in Υ . Let us assume
that I2 is locally c-representable in Υ . Then, by Proposition 3.4, there is an ultrafilter U
and operators A ∈ L(2, (2)U), B ∈ L((∞)U, 2) so that I2 = BΥUA. Since (∞)U is
isometric to a space of continuous functions on some compact set [13], it follows that
(∞)U has the Dunford–Pettis property. As 2 is reflexive, (∞)U and 2 are essentially
incomparable, thus B is an inessential operator [8, Theorem 1]. But the class of all
inessential operators is an ideal, and moreover, is the perturbation class for Fredholm
operators [16], so 0= I2 −BΥUA is a Fredholm operator, a contradiction. ✷
6. Final remarks
Little room has been left for Beauzamy’s first definition [4], second definition [5, p. 221]
(involving only two operators) and third definition [6, p. 241] of finite representability.
The following remarks, complemented with some results in [2,5,14], provide us with a
complete picture about the subject:
(a) Let T be an injective, non-closed range operator. Thus, no non-trivial ultrapower
TU is injective, so TU is not finitely representable in T following Beauzamy second
definition nor third definition. This is a serious handicap in studying ultrapower-stable
classes of operators.
(b) Beauzamy second definition implies Beauzamy first definition and Bellenot finite
representability. It follows, respectively, from [5] and our remark (a) that both
converses fail.
(c) Our example in Proposition 5.6 also shows that Beauzamy second definition and third
definition do not imply local representability.
(d) Heinrich finite representability does not imply Beauzamy first definition. Indeed, since
1 is finitely representable in c0, we have that ∗1 is finitely representable by quotients
in c∗0 [3, Proposition 3.5], hence A : 0 → ∗1 is Heinrich finitely representable in
B : 0 → c∗0 . However, A is not finitely representable in B in the sense of Beauzamy
first definition.
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